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σ-CONTINUITY AND RELATED FORCINGS
MARCIN SABOK
Abstrat. The Stepr	ans foring notion arises as a quotient of
Borel sets modulo the ideal of σ-ontinuity of a ertain Borel not
σ-ontinuous funtion. We give a haraterization of this foring
in the language of trees and using this haraterization we estab-
lish suh properties of the foring as fusion and ontinuous reading
of names. Although the latter property is usually implied by the
fat that the assoiated ideal is generated by losed sets, we show
it is not the ase with Stepr	ans foring. We also establish a on-
netion between Stepr	ans foring and Miller foring thus giving a
new desription of the latter. Eventually, we exhibit a variety of
foring notions whih do not have ontinuous reading of names in
any presentation.
1. Introdution
Many lassial foring notions arise as quotient Boolean algebras of
Bor(X) modulo an ideal I in a Polish spae X . Forings of this form
are alled idealized forings (f. [7℄) and are usually denoted by PI
to indiate the ideal they arise from. In this way Cohen foring is
assoiated with the ideal of meager sets, Saks foring with ountable
sets and Miller foring with Kσ sets in the Baire spae, to reall just
a few examples. The generi extensions given by these forings are
always extensions by a single real, whih is alled the generi real.
Idealized forings PI often are equivalent to forings with ertain
families of trees ordered by inlusion. For instane, Saks foring is the
foring with perfet trees and Miller foring with superperfet trees in
ω<ω.
In examining foring eets on the real line it is often onvenient
to have a nie representation of names for reals in the extension. In
many examples suh a representation is given by funtions from the
ground model. Namely eah real in the extension is the value of a
ertain funtion from the ground model at the generi real. Not always,
however, an the funtion be dened globally. If we assume properness
of the foring PI then we are provided by a representation in terms of
Borel funtions:
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Theorem 1 (Zapletal, [7℄). If the foring notion PI is proper and x˙ is
a name for a real then for eah B ∈ PI there is a ondition C ≤ B and
a Borel funtion f : C → R suh that
C  x˙ = f(g˙)
where g˙ is the name for generi real.
The most desirable situation is when the funtion an be hosen to
be ontinuous and in many ases it atually happens. This property
is alled ontinuous reading of names. One should be aware, however,
that this property depends (at least formally) on the topology of the
spae X . How ommon this property is among idealized forings, an
be partially aounted for by the following theorem.
Theorem 2 (Zapletal, [7℄). If the ideal I is generated by losed sets
then the assoiated foring PI is proper and has ontinuous reading of
names.
There is one important example of a foring notion PI whih is proper
but fails to have ontinuous reading of names in the natural topology
of the spae. Let us reall the old problem of Lusin whether there
is a Borel funtion whih is not σ-ontinuous. In [1℄ a partiularly
simple example of suh a funtion was given, namely the Pawlikowski's
funtion P . The ideal IP of sets on whih P is σ-ontinuous gives rise to
the foring notion PIP , usually alled (f. [7℄) the Stepr	ans foring. In
[5℄ Stepr	ans introdued this foring and used it to inrease the ardinal
harateristi ov(IP ) in a generi extension. The key feature of the
foring PIP is that it adds a real whih is not ontained in any ground
model set from IP .
Sine the ideal IP an be seen as a porosity ideal (f. [7℄), properness
of the foring follows from another general result.
Theorem 3 (Zapletal, [7℄). If I is a porosity ideal then the foring PI
is proper.
Stepr	ans foring has many nie properties, one of them is the fat
that ompat sets are dense in it. This follows from the following
theorem.
Theorem 4 (Zapletal, [6℄). For any Borel not σ-ontinuous funtion
f : ωω → ωω and for any Borel set B 6∈ If there exists a ompat set
C ⊆ B suh that C 6∈ If .
The proof of this theorem introdues a ertain Borel game whih
detets σ-ontinuity of a given Borel funtion. The result follows then
from determinay of this game.
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Stepr	ans foring, however, does not have ontinuous reading of names,
for the funtion P , treated as a name for a real, is itself a ounterexam-
ple. This single obstale may be handled by extending the topology to
one whih has the same Borel sets and makes P ontinuous. A ques-
tion is if this would bring about ontinuous reading of names in the
Stepr	ans foring.
This has been investigated by the authors of [2℄ who argued that the
ideal assoiated with Stepr	ans foring is generated by losed sets in the
extended topology. This should result in ontinuous reading of names
but the argument from [2℄ is inorret. The problem whether the ideal
is generated by losed sets in this extended topology was also raised in
[5℄.
We will show that the ideal IP is not generated by losed sets in
the extended topology. Nevertheless, we will prove that the Stepr	ans
foring has ontinuous reading of names in this topology. To this end we
will establish a desription of the foring in terms of trees and dedue
ontinuous reading of names from properties of these trees. This will
also enable us to dene fusion in Stepr	ans foring.
In light of the above another question arises. Are there any foring
notions of the form PI whih do not have ontinuous reading of names
in any presentation (i.e. in any Polish topology whih gives the same
Borel struture)? This question was already posed in [2℄. Reently
an example has been given by Zapletal in [7℄, namely he proved the
eventually dierent real foring has this property. We will present a
dierent example.
In fat, we will show that suh forings are quite ommon among
the idealized forings. Namely, there is a method of onstruting them
out of forings whih, as the Stepr	ans foring, do not have ontinuous
reading of names in one topology.
2. Definitions and notation
Throughout this paper an ideal will always mean a σ-ideal of subsets
of a Polish spae.
In a spae X a system of sets indexed by a tree T ⊆ Y <ω (Y is an
arbitrary set). is to be understood as a map T ∋ τ 7→ Dτ ⊆ X suh
that if τ ⊆ τ ′ ∈ T then Dτ ′ ⊆ Dτ . The system is disjoint ifDτ∩Dτ ′ = ∅
for τ 6= τ ′, |τ | = |τ ′|.
In a spae Xω, whatever be its topology, for a nite partial fun-
tion τ : ω → P(X) we will denote by [τ ] the set {t ∈ Xω : ∀n ∈
dom(τ) t(n) ∈ τ(n)}. For a tree T ⊆ X<ω let its limit, denoted
limT , be the set {x ∈ Xω : ∀n ∈ ω x ↾ n ∈ T}. For a node
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τ ∈ T the end-extension of T above τ will stand for the subtree
{σ ∈ T : τ ⊆ σ ∨ σ ⊆ τ}. For a set T0 ⊆ T the end-extension of
T above T0 will be the union of end-extensions of T above elements of
T0.
We will say that a Borel funtion f : X → Y , where X, Y are Polish
spaes, is σ-ontinuous if there exist a ountable over of the spae
X =
⋃
nXn (with arbitrary sets Xn) suh that f↾Xn is ontinuous for
eah n. It follows from Kuratowski's extension theorem that we may
require that the sets Xn be Borel. If they an be hosen losed in X
then we shall say that f is losed-σ-ontinuous.
If f : X → Y is not σ-ontinuous then If denotes the ideal of sets
on whih f is σ-ontinuous.
For two Borel funtions f : X → Y and f ′ : X ′ → Y ′ we will say
that f an be fatorized by f ′ if there exist a ontinuous 1-1 funtion
ϕ : X ′ → X and an open 1-1 ψ : Y ′ → Y suh that the following
diagram ommutes:
Y ′
ψ
−−−→ Yxf ′ xf
X ′
ϕ
−−−→ X
Obviously, if f ′ is not σ-ontinuous and fatorizes f then f is also
not σ-ontinuous.
In a metri spae (X, d) for A,B ⊆ X we will denote by dist(A,B)
the inmum of d(a, b) for a ∈ A and b ∈ B. The Hausdor distane
between A and B will be denoted by h(A,B).
The spae (ω + 1)ω is endowed with the produt topology of order
topologies on ω+1. It is of ourse homeomorphi to the Cantor spae.
We also x a metri ρ on (ω+1)ω whih gives the above topology. For
x, y ∈ (ω+1)ω let ρ(x, y) =
∑
n
1
2n
ρ′(x(n), y(n)) where ρ′ metrizes ω+1
with its order-topology, i.e. ρ′(n, ω) = 1
2n
and ρ′(n,m) = | 1
2n
− 1
2m
| for
n,m < ω. All metri notions on (ω+1)ω, like diameter, distane, et.,
will be relative to the metri ρ.
The Pawlikowski's funtion P : (ω + 1)ω → ωω is dened as follows:
P (x)(n) =
{
x(n) + 1 if x(n) < ω,
0 if x(n) = ω.
It has been shown in [1℄ that P is not σ-ontinuous. Hene IP = {A ⊆
(ω + 1)ω : P ↾A is σ-ontinuous} is a proper ideal. It's subideal IcP is
dened analogously for losed-σ-ontinuity.
Note that the smallest topology on (ω+1)ω in whih P is ontinuous
is the one with basi lopens of the form [σ] for σ ∈ (ω + 1)<ω. With
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this topology (ω+1)ω is homeomorphi to the Baire spae ωω. We will
thus refer to the two topologies: the original and the extended one as
Cantor and Baire topology, respetively.
One we have an ideal in Bor(X) (the family of all Borel sets in
X), we onsider the assoiated foring notion PI whih is the poset
(Bor(X) \ I,⊆). Of ourse, it is equivalent to the Boolean algebra
Bor(X)/I. The Stepr	ans foring, assoiated with IP will be denoted
by S and the foring assoiated with IcP will be denoted by Sc.
We will say that a foring PI has ontinuous reading of names in a
topology T of the spae X if for any B ∈ PI and any Borel funtion
f : B → ωω there exists PI ∋ C ⊆ B suh that f↾C is ontinuous in T .
The general denition of properness of a foring notion an be found
for instane in [3℄. Let us, however, reall a haraterization formulated
by Zapletal in [7℄: foring of the form PI is proper i for every ountable
elementary substruture M of a large enough Hκ and every ondition
B ∈ M ∩ PI the set {x ∈ B : x is PI-generi over M} is not in I (this
set turns out to be always Borel).
Reall also that a foring notion P satises Baumgartner's Axiom A
if there is a sequene ≤n, n < ω of partial orders on P suh that ≤0=≤,
≤n+1⊆≤n and
• if P ∋ pn, n < ω are suh that pn+1 ≤n pn there is a q ∈ P suh
that q ≤n pn for all n,
• for every p ∈ P, for every n and for every ordinal name x˙ there
exist P ∋ q ≤n p and a ountable set B suh that q  x˙ ∈ B.
Of ourse, forings satisfying Axiom A are proper.
An ideal I in a Polish spae X is said to be generated by losed sets
if any Borel B ∈ I has a Fσ superset C ∈ I.
3. Charaterization of the Stepr
	
ans foring
Note rst of all that for every losed set C in the Cantor topology of
(ω+1)ω there exists a tree T ⊆ (ω+1)<ω suh that C = limT . Not for
every tree, however, its limit is a losed set in the Cantor topology. In
general, if T ⊆ (ω + 1)<ω is a tree then limT is a Gδ set in the Cantor
topology (sine its omplement is the union of sets [τ ] for τ 6∈ T ).
One very popular belief onerning the Stepr	ans foring is that a
Borel set A is in PI i it ontains limit of a tree T ⊆ (ω + 1)
<ω
suh
that every τ ∈ S has an extension τ ′ ∈ S whih splits into innitely
many immediate suessors inluding τ ′aω. This is, however, not true,
as we will show in the following example.
Example. We will now onstrut a tree S with the property that
every τ ∈ S has an extension τ ′ ∈ S whih splits into innitely many
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immediate suessors inluding τ ′aω but P is σ-ontinuous on limS.
We will build the tree indutively on its levels. For any node τ ∈ S
we will also dene a set Aτ ⊆ ω. We begin with ∅ and put A∅ = ω.
Suppose that we have the tree S built up to level k. Now let eah
node τ split into τaω as well as τan for n ∈ Aτ . Dene sets Aτa i for
i ∈ Aτ ∪ {ω} so that they form a partition of Aτ into innitely many
innite subsets. Note at this point that if s ∈ limS and s(n) < ω then
s↾n is uniquely determined.
Claim. The funtion P is σ-ontinuous on limS.
Proof. Dene Xn = {s ∈ limS : ∀m ≥ n s(m) = ω} and X∞ =
limS \
⋃
nXn. Note that P is ontinuous on X∞. Indeed, take any
onvergent sequene sn → s suh that sn, s ∈ X∞ and notie that if
s(m) < ω then sn(m) = s(m) implies also sn ↾m = s ↾m. Hene,
sine [(m, s(m))] is a neighborhood of s, there exists m′ < ω suh that
sn↾m = s↾m for n > m
′
. Thus, if s has innitely many values < ω
then the sequene sn eventually stabilizes on eah oordinate. This
shows that also P (sn) → P (s). Sine all sets Xn are ountable, P is
σ-ontinuous on limS. 
Throughout the rest of this setion all topologial notions onerning
the spae (ω + 1)ω will be relative to the Cantor topology.
As we have already mentioned, many forings of the form PI an
be equivalently desribed as tree forings. It turns out that Stepr	ans
foring has similar desription in terms of subtrees of (ω + 1)<ω.
In fat, the foring SP onsidered by Stepr	ans in [5℄ is atually a
foring with trees. It adds an S-generi but it is not lear that SP is
equivalent to S. But sine SP an be easily seen as a dense subset of
Q (see below), the equivalene follows from Theorem 5.
Denition 1. A tree T ⊆ (ω + 1)<ω will be alled wide if every node
τ ∈ T has an extension τ ′ ∈ T suh that the set limT ∩ [τ ′] is nowhere
dense in limT ∩ [τ ]. A subset of (ω+1)ω will be alled wide if it is the
limit of a wide tree.
Obviously, the node τ ′ above must be of the form τ ′′aω for some
τ ′′ ⊇ τ whih splits in T into innitely many immediate suessors.
Let us denote by Q the poset of wide trees ordered by inlusion.
Theorem 5. The Stepr	ans foring is equivalent to the foring Q.
The idea to onsider wide sets omes from the proof of the famous
theorem of Soleki.
Theorem 6 (Soleki, [4℄). For any Baire lass 1 funtion f : X → Y ,
where X, Y are Polish spaes, either f is σ-ontinuous or else there
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exist topologial embeddings ϕ and ψ suh that the following diagram
ommutes:
ωω
ψ
−−−→ YxP xf
(ω + 1)ω
ϕ
−−−→ X
Proof of theorem 5. The assertion results from Proposition 1 and Propo-
sition 2 given below. 
Proposition 1. Assume B ⊆ (ω+1)ω is Borel suh that P↾B is not σ-
ontinuous. Then there exists a wide tree T suh that limT = D ⊆ B.
Proof. Let us begin with a laim.
Claim. Let E ⊆ (ω + 1)ω be losed suh that P ↾E is not ontinuous.
There exists a sequene of disjoint relative lopens Cn, n < ω eah of
the form [τn] suh that
⋃
n Cn is dense in E.
Proof. Note that any relative open set in E ontains a relative lopen of
the form [σ], where σ ∈ (ω+1)<ω. This follows from the fat that any
basi open set (in E) of the form [τa1 [n, ω]
aτ2] either has a nonempty
(in E) lopen subset of the form [τa1 m
aτ2] for some m ≥ n or is equal
to the relative lopen [τa1 ω
aτ2]. Take thus a maximal antihain of
lopens (in E) of the form [σ]. This antihain an be taken innite for
E is limit of a tree whih is not nitely-branhing (otherwise P would
be ontinuous on E) and thus we may extend an antihain given by
innitely many immediate suessors (by numbers less than ω) of a
hosen node. 
Denition 2. A fusion system in (ω + 1)ω is a tree T ⊆ (ω + 1)<ω
together with a family of trees Tτ , τ ∈ T suh that
• eah limTτ is losed,
• Tτ has stem τ ,
• for τ ⊆ τ ′ ∈ T Tτ ′ ⊆ Tτ .
Now we pass to the main proof. By Theorem 4 we may assume that
B = limT∅ is losed. We may also assume that P is not σ-ontinuous on
any basi lopen set. We will onstrut a fusion system T ⊆ (ω+1)<ω,
Tτ , τ ∈ T (and denote Dτ = limTτ ) so that the set D = limT will be
wide.
The onstrution is arried out indutively (beginning with T∅) in
suh a way that having onstruted τ and Tτ we nd innitely many
(pairwise inomparable) extensions of τ and appropriate family of sub-
trees of Tτ .
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Suppose we have onstruted a node τ and a tree Tτ . By the above
Claim we an nd an antihain τn, n < ω of extensions of τ suh that
{Dτ ∩ [τn] : n < ω} is a maximal antihain of relative lopens in Dτ .
We put Tτn to be the end-extension above τn in T . Let us look now
at the losed set E = Dτ \
⋃
nDτn. In ase P is σ-ontinuous on this
set we will extend τ by τn's only and all this extension regular. If,
however, P is not σ-ontinuous on E then let us rst shrink it to E ′ by
utting o all relative lopens on whih P is σ-ontinuous. Then take
any τω ∈ (ω + 1)
<ω
whih gives a nonempty relative lopen in E ′ (of
length > |τ |). Now extend τ additionally by τω as well as dene Tτω as
the tree of E ′ ∩ [τω]. The extension of this form will be alled irregular
and we will refer to τω as the irregular node.
One the tree has been onstruted let us note that eah node τ has
an irregular extension τ ′. Indeed, for otherwise Dτ would be a union of
ountably many losed sets whih we have ut o (on eah of whih P
was σ-ontinuous) and the set [τ ] ∩ limT . On the latter set, however,
P is ontinuous, hene we would get that P is σ-ontinuous on Dτ ,
whih is not the ase. So what is left is to show that the set Dτ ′ ∩D is
nowhere dense in Dτ ∩D. But its omplement ontains the intersetion
of a sequene of unions of relative lopens whih our either in regular
extensions or in irregular as those non-irregular ones. This is, however,
an intersetion of a sequene of dense open sets and it is dense by the
Baire ategory theorem (reall that D is a Gδ). So the image of the
irregular node is nowhere dense, as laimed. 
Remark 1. The fusion method from the above proof will be further
used to established Axiom A and ontinuous reading of names. We
would like to mention, however, that Proposition 1 an be also proved
without fusion, using the method of Cantor-Bendixson analysis instead:
Call a tree T ⊆ (ω + 1)<ω small if for eah τ ∈ T the set [τaω] is
relatively open in limT . It is easy to see that if T is small then P is
ontinuous on limT . Then use a proedure in the fashion of the Cantor-
Bendixson analysis to ut o from T all nodes (and their extensions)
suh that the end-extension above them is small. Then the remaining
tree will be obviously wide. It is maybe more lear now that the wide
set whih remains is not in the ideal IP . But we do not need this
beause Proposition 2 says that atually any wide set is IP -positive.
Remark 2. Yet another way of proving Proposition 1 is to apply The-
orem 6 together with Theorem 4 and the fat that P is of Baire lass
1. But the arguments given above are muh simpler than the proof
of Theorem 6 in its full strength. Nevertheless, one of the ideas from
Soleki's proof of Theorem 6 will be used in the proof of Proposition 2.
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Proposition 2. Assume D ⊆ (ω + 1)ω is a wide set. Then there
are topologial embeddings ϕ and ψ suh that the following diagram
ommutes:
ωω
ψ
−−−→ P [D]xP xP ↾D
(ω + 1)ω
ϕ
−−−→ D
Proof. Let us suppose D = limT is wide in (ω + 1)ω. Let us say that
a subtree S ⊆ T is an end-subtree if there is a nite set of nodes of T
suh that S is the end-extension of this set. Let C be the foring with
end-subtrees of T ordered by inlusion. C is of ourse equivalent to the
Cohen foring. Let M be a ountable elementary submodel of a large
enough Hκ suh that P,C, D ∈M . Let Dn, n < ω enumerate all dense
subsets of C in M . For a dense set D ⊆ C let D∗ denote the set of all
nite unions of elements from D.
We are going to onstrut only the embedding ϕ : (ω + 1)ω → D
sine it already determines the funtion ψ. To this end we will dene a
disjoint system of wide Gδ sets Dτ ⊆ D, τ ∈ (ω + 1)
<ω
given as limits
of trees Tτ ∈ C, suh that the branhes of the system (i.e. {Tτ : τ ⊆ t}
for t ∈ (ω + 1)ω) will generate C-generi lters over M .
The trees Tτ will be onstruted by indution on |τ | and will satisfy
the following onditions:
(i) Tτ ∈ D
∗
|τ |,
(ii) diam(Dτ ) < 1/|τ |,
(iii) for eah n the map (ω + 1)n ∋ τ 7→ Dτ is h-ontinuous.
Notie that (i) and (ii) implies that eah branh generates a generi
lter over M . Indeed, beause any extension to an ultralter must be
generi by (i) and by (ii) there is preisely one suh extension, sine it
is determined by an appropriate generi real.
Note at this point that the setsDτ sue to onstrut a fatorization.
For t ∈ (ω+1)ω we dene ϕ(t) to be the generi real given by the generi
lter along the branh t. Thanks to (iii) ϕ is ontinuous. Beause
of disjointness of the system, ϕ is injetive, and hene a topologial
embedding. On the other hand, ψ is open beause the system is disjoint
and P [Dτ ] is open in P [D] (sine Tτ is an end-subtree). To see that ψ
is ontinuous we use generiity: a formula of the form P (ϕ(t))(m) = n
is absolute for transitive models and if it holds for t whih is generi
over M then it must be fored by some ondition in the generi lter.
Before we go on and onstrut the sets Dτ , let us rst endow the
spae (ω + 1)n with some additional struture whih will be used in
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the onstrution. Let Snk ⊆ (ω + 1)
n
be the set of points of Cantor-
Bendixson rank ≥ n − k (for k ≤ n). Besides the sets Snk , let us
also dene a system of projetions pink : S
n
k → S
n
k−1 for 1 ≤ k ≤ n.
If we embed (ω + 1)n into the ube [0, 1]n via 0 7→ 0, n 7→ 1 − 1/n
for n > 0 then Snk an be viewed a set of
(
n
k
)
its k-dimensional faes
of the ube. In this setting eah Snk an be projeted orthogonally
onto Snk−1. This projetion, however, is ambigous at some diagonal
points. Nevertheless, we may pik one of the possible values and in
this way dene a funtion pink . In other words, if τ ∈ S
n
k \ S
n
k−1 then
we pik one i ∈ n suh that τ(i) is maximal value less than ω and
dene pink (τ)(i) = ω and pi
n
k (τ)(j) = τ(j) for j 6= i. On S
n
k−1 pi
n
k is the
identity. The key feature of these funtions is that they are ontinuous,
no matter whih values we have piked.
Lemma 1. For eah n and 1 ≤ k ≤ n the projetion pink : S
n
k → S
n
k−1
is ontinuous.
Proof. Note that any point in Snk exept (ω, . . . , ω) (k times ω) has a
neighborhood in whih projetion is unambigous and hene ontinuous.
But it is easy to see that at the point (ω, . . . , ω) any projetion is
ontinuous. 
In the onstrution we will use the following lemma whih holds in
M .
Lemma 2. Let S, S ′ be end-subtrees of T , D = limS,D′ = limS ′,
δ > 0 and k < ω.
(1) There is a sequene Si, i ∈ ω + 1 of subtrees of S suh that
Si ∈ C, the sets Di = limSi are disjoint, the map ω+1 ∋ i 7→ Di
is h-ontinuous and for eah i diam(Di) < δ and Di ∈ D
∗
k.
(2) If Si are as above then there is a sequene S
′
i, i ∈ ω+1 of subtrees
of S ′ suh that S ′i ∈ C, the sets D
′
i = limS
′
i are disjoint, the
map ω + 1 ∋ i 7→ D′i is h-ontinuous, for eah i D
′
i ∈ D
∗
k,
diam(D′i) < 3δ and h(Di, D
′
i) ≤ 3h(D,D
′).
Proof. (1) Let us pik any node τω ∈ S suh that |τω| > k, limS ∩ [τω]
has diameter < δ/3 and is nowhere dense in limS (let τω = τaω).
Put Sω equal to the end-subtree of S above τ
ω
. Notie that for any
ε > 0 there exists a nite set τi, i ≤ n of extensions of τ
ω
suh that
diam(Dω ∩ [τi]) < ε for eah i ≤ n and h(Dω,
⋃
i≤nDω ∩ [τi]) < ε.
Using the fat that limS ∩ [τω] is nowhere dense in limS we an nd
nodes τ ′i (being extensions of nodes τ
ani for some ni < ω) suh that
diam(D ∩ [τ ′i ]) < ε and dist(D ∩ [τ
′
i ], Dω ∩ [τi]) < ε hold for eah i ≤ n.
Now it easily follows that h(Dω,
⋃
i≤nD ∩ [τ
′
i ]) < 3ε (so in partiular
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the rst set has diameter < δ if ε is small enough). We may of ourse
shrink eah D ∩ [τ ′i ] so that it is the limit of a tree in Dk. This ends
the rst part of the proof.
(2) Let γ = h(D,D′). First we laim that there is a nite set of
nodes τ ′i , i ≤ n in S
′
suh that
• diam(D′ ∩ [τ ′i ]) < γ for eah i ≤ n,
• h(Dω,
⋃
i≤nD
′ ∩ [τ ′i ]) < 2γ,
• diam(
⋃
i≤nD
′ ∩ [τ ′i ]) < 3δ.
Indeed, if γ < δ then we may rst nd nitely many nodes τi, i ≤ n in
Sω and then appropriate nodes τ
′
i , i ≤ n in S
′
suh that h(Dω,
⋃
i≤nDω∩
[τi]) < 2γ, both diam(Dω ∩ [τi]), diam(D
′∩ [τ ′i ]) < δ and also dist(Dω ∩
[τi], D
′∩[τ ′i ]) < δ for i ≤ n. Then by the triangle inequality diam(
⋃
i≤nD
′
∩ [τ ′i ]) < 3δ. If γ ≥ δ then we will do by piking in a similar manner
just one node τ and τ ′ in S, S ′ respetively.
Now above eah τ ′i hoose a node τ
ω
i
′
suh that D′ ∩ [τωi
′] is nowhere
dense in D′. Then
⋃
i≤nD
′ ∩ [τωi
′] is also nowhere dense and has diam-
eter < 3δ. We may now nd onditions in Dk whih are stronger than
the end-extensions in S ′ above the nodes τωi
′
. And put S ′ω to be the
union of these, D′ω = limS
′
ω. It is lear that h(Dω, D
′
ω) < 3γ. Now as
in (1) we an nd a sequene of disjoint subtrees S ′n ∈ D
∗
k suh that
if we put D′n = limS
′
n then h(D
′
n, Dω) < 1/n. Now it follows from
the triangle inequality that h(Dn, D
′
n) < 3γ as well as diam(D
′
n) < 3δ
holds for n big enough. But we may hange those nitely many Sn's (in
the same way we have found S ′ω, possibly shrinking the existing sets)
to ensure that this holds for all n. 
Now we proeed as follows. Let D∅ = D. Having dened Dτ for all
τ ∈ (ω + 1)n we dene it for τ ∈ (ω + 1)n+1. This in turn is done by
another indution on the sets Sk × (ω + 1) for 0 ≤ k ≤ n. That is, we
rst dene Dτ for τ ∈ S
n
0 × (ω + 1) and then show how to extend the
denition from Snk × (ω+1) to S
n
k+1× (ω+1). During this onstrution
we take are that for eah k and τ ∈ Snk
(1) diam(Dτ ) < 1/(3
n−k(n+ 1))
and the map Sk × (ω + 1) ∋ τ 7→ Dτ is h-ontinuous.
To start with we use Lemma 2(1). Suppose we have Dτ dened for
τ ∈ Sk× (ω+1). Let us abbreviate pi
n
k : S
n
k+1 → S
n
k by pi for a moment.
For eah τ ∈ Snk+1 we use Lemma 2(2) for Dτ and Dpi(τ) to nd sets
Dτa i for i ∈ ω + 1 suh that
(2) h(Dτa i, Dpi(τ)a i) ≤ 3h(Dτ , Dpi(τ)),
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diam(Dτa i) < 3 diam(Dτ ) and Dτa i ∈ D
∗
|τ |. Now (1) follows from the
indutive assumption. To see h-ontinuity notie that if (τn, in)→ (τ, i)
is a onvergent sequene in Snk+1 × (ω + 1) then either τn is eventually
onstant, in whih ase the ontinuity is easy, or τ ∈ Snk and then
pi(τn)→ τ thanks to the ontinuity of pi. But then the assertion follows
from the indution assumption, (2) and the triangle inequality:
h(D
τ
a
n in
, Dτa i) ≤ h(Dτan in , Dpi(τn)a in) + h(Dpi(τn)a in , Dτain)
+h(Dτa in , Dτa i).
In this way we have onstruted the sets Dτ and nished the proof. 
Propositions 5 and 2 have the following orollaries.
Corollary 1. If B ⊆ (ω + 1)ω is a Borel set suh that P ↾B is not
σ-ontinuous then there exists a losed wide set D ⊆ B.
Proof. This follows from Proposition 2 sine the image of ϕ is a wide
losed set. 
The seond orollary is a partiular ase of Theorem 6 when f is the
restrition of P to a IP -large set.
Corollary 2. If D ⊆ (ω+1)ω is Borel then either P↾D is σ-ontinuous
or else there are topologial embeddings ϕ and ψ suh that the following
diagram ommutes:
ωω
ψ
−−−→ P [D]xP xP ↾D
(ω + 1)ω
ϕ
−−−→ D
4. Continuous reading of names
Let us reall now that Stepr	ans foring does not have ontinuous
reading of names in the Cantor topology of (ω+1)ω. We will now show
that it has ontinous reading of names in the Baire topology.
Theorem 7. The foring notion S has ontinuous reading of names in
the Baire topology on (ω + 1)ω.
Reall that all metri notions on (ω + 1)ω (like diameter, distane,
et.) are relative to the metri ρ (see Setion 2) on (ω + 1)ω.
Proof. Let B be any Borel IP -positive set in (ω+1)
ω
and x˙ be a S-name
for a real. By Proposition 1 we may assume B is a limit of a wide tree.
Continuous reading of names will result from the following laim.
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Claim. Let T be a tree and σ ∈ T be suh that [σaω]∩limT is nowhere
dense in [σ]∩lim T . Then for eah τ ∈ T suh that σaω ⊆ τ , any ε > 0
and n < ω there is m > n and σam ⊆ τ ′ ∈ T suh that
• [τ ′] ∩ limT is a relative lopen,
• diam([τ ′] ∩ limT ) < ε/2,
• dist([τ ] ∩ limT, [τ ′] ∩ limT ) < ε/2.
Proof. Consider the family of relative lopen sets of the form [τ ′]∩lim T
with τ ′ extending some σam,m > n and having diameters < ε/2. Put
also δ = inf i≤n dist([τ ], [σ
ai]). If the assertion of this lemma were false,
then the open ball around [τ ] with radius min{δ, ε/2} would exhibit
that σaω has nonempty interior. 
Now let us nish the proof of the theorem. We will say that a set of
nodes of a tree S is a spanning set if S is the smallest tree ontaining
those nodes. We will nd a wide subtree S ⊆ T and a spanning set
{τσ : σ ∈ ω
ω} (with σ 7→ τσ being order isomorphism) of nodes of
S together with a set of natural numbers kτ suh that for τ in the
spanning set
(limS ∩ [τ ]) S x˙(|τ |) = kτ .
This will learly show that on limS the name x˙ is read by a funtion
ontinuous in the Baire topology relativized to limS.
The onstrution is onduted indutively on |τ | in a fusion manner,
that is we dene additionally subtrees Tτ with stems τ , respetively.
Suppose we have found everything up to the level n. We will show how
to extend a single node. First nd an extension τ ⊆ τ ′ ∈ Tτ suh that
[τ ′aω] ∩ Tτ is nowhere dense in [τ ] ∩ Tτ . Without loss of generality let
us assume that {n < ω : τ ′an ∈ Tτ} is the whole ω. Now nd a foring
extension of [τ ′aω]∩Tτ to a limit of a wide tree Tτa0 suh that for some
kτa0
limTτa0 S x˙(|τ |+ 1) = kτa0.
Next using the above lemma and some bookkeeping nd extensions
τ ′an ⊆ τ ′n, n ∈ ω so that for any σ ∈ Tτa0 and n < ω there is m ∈ ω
suh that dist(limTτ ∩ [τ
′
m], limTτa0 ∩ [σ]) < 1/n and diam(limTτ ∩
[τ ′m]) < 1/n. Then extend the foring onditions [τ
′
m]∩ limTτ to limits
of wide trees Tτam+1 suh that for some natural numbers kτam+1
limTτam+1 S x˙(|τ |+ 1) = kτam+1.
Notie that if
diam(limTτ ∩ [τ
′
m]), dist(limTτ ∩ [τ
′
m], limTτa0 ∩ [σ]) < 1/2n
then
dist(limTτam+1, limTτa0 ∩ [σ]) < 1/n,
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so the interior of Tτa0 remains empty. Moreover, it will remain empty
even when we pass to the fusion tree S. Thus after the fusion we get
an IP -positive set and numbers kτ whih dene a ontinuous funtion
in the Baire topology. 
5. The fusion
It has been established by Zapletal both in [7℄ and in [6℄ that Stepr	ans
foring is proper. The fusion method used in Theorem 5 and Theorem
7 suggests, however, that Axiom A an be dedued quite easily one
we have the notion of a wide tree. Axiom A was also established by
Stepr	ans for the foring SP onsidered in [5℄. We present a dierent
proof that seems more natural for the foring of wide trees.
Theorem 8. The Stepr	ans foring notion satises Axiom A.
Proof. Let W′ be a foring with trees T satisfying the following ondi-
tions:
(1) eah τ ∈ T either has only one immediate suessor or is suh
that τaω ∈ T and [τa limT ] ∩ limT is nowhere dense in lim T ,
(2) whenever τ ∈ T is suh that τaω ∈ T and [τa limT ] ∩ limT is
nowhere dense in limT , we have the following. For eah n < ω
suh that τan ∈ T denote the stem of the tree T above τan by
τn. For eah lopen C interseting limT ∩ [τ
aω] and any ε > 0
there is n < ω suh that diam[τn] < ε and dist([τn], C) < ε.
It is easy to see that W′ is dense in W. So it is enough to show that
W′ satises Axiom A.
Let ≺ be a linear order on (ω + 1)<ω suh that eah τ ours later
than its initial segments. For a tree T ∈ W′ let w(T ) be the set of
those nodes of T whih have more than one immediate suessor. For
τ ∈ w(T ) the set of its immediate suessors in w(T ) stands for the
set {τ ′ ∈ w(T ) : ¬∃τ ′′ ∈ w(T ) τ ( τ ′′ ( τ ′}. Now let us denote by
wn(T ) the set of n rst (with respet to ≺) elements of w(T ) together
with theirs immediate suessors in w(T ).
For T, S ∈ W′ let T ≤n S if T ≤ S and wn(S) ⊆ T . It is now easy
to see that with these orderings W′ satises Axiom A. 
6. Generating by losed sets
Both properness and ontinuous reading of names ould be dedued
more easily if only we knew that IP were generated by losed sets in the
Baire topology. A typial mistake that may lead to suh a onlusion
is the onvition that if A ⊆ (ω + 1)ω is suh that P ↾A is ontinuous
in the Baire topology then so it is on the losure of A in the Baire
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topology. This is not true, as observed by Pawlikowski (in a private
onversation).
The next proposition says that ontinuous reading of names an hold
even when the ideal is not generated by losed sets.
Proposition 3. The ideal IP is not generated by losed sets in the
Baire topology.
Throughout this proof let X (for X ⊆ (ω + 1)ω) denote the losure
of X in the Baire topology.
Proof. Let us rst onsider the following set A = {αn, βn : n < ω} ⊆
(ω + 1)ω, where
αn(0) = n, αn(k) = ω for k > 0
βn(n) = 0, βn(k) = ω for k 6= n.
Note that P↾A is ontinuous. On the other hand, P↾A is not ontinuous
sine α = (ω, ω, . . .) ∈ A and αn → α, whereas P (αn) 6→ P (α).
Using a bijetion from ω to ω × ω we may identify (ω + 1)ω with
(ω+1)ω×ω ≃ ((ω+1)ω)ω. Under this identiation P beomes
∏
n<ω P ,
whih we will denote by P ω. First note that P ω is ontinuous on Aω
as a produt of ontinuous funtions, so Aω ∈ IPω . We will prove,
however, that Aω annot be overed by ountably many sets Fn, n < ω
losed in the Baire topology, with eah Fn ∈ IPω .
Suppose that Aω ⊆
⋃
n Fn and Fn are losed in the Baire topology.
As A is a disrete set in (ω + 1)ω (in both topologies), the relative
topology (with respet to any of these two) on Aω is that of the Baire
spae. Fn ∩A
ω
are relatively losed, so by the Baire ategory theorem,
one of them has nonempty interior. This means that there is n < ω,
k < ω and α ∈ Ak suh that αaAω\k ⊆ Fn. Without loss of generality
k = 0 and Aω ⊆ Fn. But Aω = (A)
ω
and A ontains a onvergent
sequene αn → α suh that P (αn) 6→ P (α). So if A
′ = {α, αn : n < ω}
then P [A′] is a disrete set and (A′)ω ⊆ Fn. Notie, however, that
P ω ↾ (A′)ω = (P ↾A′)ω is not σ-ontinuous, sine it an obviously be
fatorized by P . Hene Fn 6∈ IPω , whih ends the proof. 
7. Connetions with the Miller foring
A natural question that arises after realizing that Stepr	ans foring is
desribed in terms of wide trees is whether this foring is equivalent to
the Miller foring. A negative answer follows for instane from Propo-
sition 5 below. It turns out, however, that Miller foring is very lose
to σ-ontinuity, namely it is isomorphi to the foring assoiated to the
ideal of losed-σ-ontinuity of P .
16 MARCIN SABOK
Proposition 4. The foring notion Sc is equivalent to the Miller for-
ing notion.
Proof. The Miller foring is equivalent to the foring Bor(ωω)/Kσ and
Sc is equivalent to Bor((ω +1)
ω)/IcP . The isomorphism is given by the
funtion P itself (as it gives rise to a Borel isomorphism of the spaes).
The only thing to realize is that for A ⊆ (ω + 1)ω P [A] is ompat
if and only if A is a losed set on whih P is ontinuous. But this is
the ase sine a ontinuous image of a ompat set is ompat, P−1
is ontinuous and a ontinuous bijetion dened on a ompat set is a
homeomorphism. 
The following denition is a natural generalization of well known
notions like Cohen real, Miller real, et.
Denition 3. Let M be a transitive ountable model. We say that
s ∈ (ω + 1)ω is a Stepr	ans real over M if s 6∈ A for any A ⊆ (ω + 1)ω
suh that A ∈ IP and A is oded in M .
It is obvious that the generi real for Stepr	ans foring is a Stepr	ans
real over the ground model. In order to distinguish Stepr	ans foring
from Miller foring let us prove that there are no Stepr	ans reals in
extensions by a single Miller real.
Proposition 5. Miller foring does not add Stepr	ans real.
Proof. Let us denote the Miller foring notion byM. Suppose, towards
a ontradition, that s˙ is aM-name for a Stepr	ans real. Sine (ω+1)ω ≃
2ω ⊆ ωω, s˙ is a name for an element of ωω. Sine Miller foring has
ontinuous reading of names we have a foring ondition B ⊆ ωω and
a ontinuous funtion f : B → ωω suh that
D  s˙ = f(m˙),
where m˙ is the name for the M-generi real. By another well known
property of Miler foring there exists a stronger ondition D ⊆ B suh
that either f ↾D is onstant or f ↾D is a topologial embedding. We
an exlude the rst possibility. Let us denote E = f [D] and note that
sine P ↾E is Borel, there is a dense Gδ set G ⊆ E suh that P ↾G is
ontinuous. But then f−1[G] is omeager in D and hene is a ondition
in Miller foring. But
f−1[G]  s˙ ∈ G
and G ∈ IP whih gives a ontradition. 
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8. A foring without ontinuous reading of names in any
presentation
The Stepr	ans foring notion does not have ontinuous reading of
names in one presentation and has it in another. Let us now show how
to use Stepr	ans foring to produe a foring PI whih is proper and
does not have ontinuous reading of names in any presentation.
Theorem 9. There exist an ideal I ⊆ Bor(ωω) suh that the foring
PI is proper but it does not have ontinuous reading of names in any
presentation.
Proof. First notie that any presentation of a Polish spae X is given
by a Borel isomorphism with another Polish spae Y and the latter an
be assumed to be a Gδ subset of [0, 1]
ω
. Instead of ωω let us onsider
X = (ωω)2 with its produt topology. Note that eah Gδ set in [0, 1]
ω
as well as a Borel isomorpshism from ωω to X an be oded by a real.
Let x ∈ ωω ode a pair (Gx, fx) that denes a presentation of X as
above, i.e. fx : Gx → X . For x ∈ ω
ω f−1x [Xx] (Xx denotes the vertial
setion of X at x) is an unountable Borel set in Gx and ontains a
opy Cx of (ω+1)
ω
. Let Ix be the transported ideal IP from Cx to Xx.
We dene an ideal I on Bor(X) as follows:
I = {A ∈ Bor(X) : ∀x ∈ ωω Ax ∈ Ix}.
PI does not have ontinuous reading of names in any presentation for
if (Gx, fx) denes a presentation then (P ◦ f
−1
x )↾ (fx[Cx]) is a oun-
terexample to ontinuous reading of names in its topology. Let us
show that PI is proper. Take Hκ big enough so that the funtion
ωω ∋ x 7→ (Gx, fx, Cx, Ix) is in Hκ. Take any model M ≺ Hκ whih
ontains this funtion and let B ∈ M be I-positive. By elementarity
there is x ∈ ωω ∩M suh that Bx 6∈ Ix. So Bx ∩ f
−1
x [Cx] is Ix-positive.
Now sine the foring PI below f
−1
x [Cx] is equivalent to the Stepr	ans
foring, whih is proper, it follows that there is B′ ⊆ Bx ∩ f
−1
x [Cx]
Ix-positive and M-master.

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